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In this paper, the distribution of zeros of solutions of the first-order differential
equation with a variable delay
x t  P t x  t  0Ž . Ž . Ž .Ž .
is studied. The estimate for the distance between adjacent zeros of the oscillatory
solution of the above equation is obtained.  2001 Academic Press
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1. INTRODUCTION
The oscillation theory of functional differential equations has been
developed extensively during the past several years. We refer the reader to
     the monographs by Ladde et al. 1 , Gyori and Ladas 2 , and Erbe et al. 3¨
 and the references cited therein. Recently, Domshlak and Stavroulakis 4
obtained estimates for the interval-length successive zeros of solutions of
 first-order delay differential equations in a critical state. Erbe et al. 3 ,
1 This research was supported by the National Science Foundation of P. R. China.
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   Liang 6 , and Zhou 8 established estimates for the distance between
adjacent zeros of the solutions of first-order delay differential equations.
However, there are no results dealing with the distribution of zeros of the
solutions of differential equations with variable delays.
In this paper, we consider the first-order differential equation with a
variable delay of the form
x t  P t x  t  0, 1Ž . Ž . Ž . Ž .Ž .
where
 P ,  C t , , 0, ,  t  t ,  is nondecreasing,Ž .. .Ž .0
and lim  t  . 2Ž . Ž .
t
In Section 2, we establish several important lemmas which will enable us to
prove our main results. In Section 3, we study the distribution of zeros of
Ž .solutions of Eq. 1 . The estimate for the distance between adjacent zeros
Ž .of the oscillatory solution of Eq. 1 is obtained. Especially, we include and
improve some known results in the literature.
2. LEMMAS
 Ž .4  First we define a sequence f  , 0  1, by 10n
f   1, f   e  f nŽ  . , n 0, 1, 2, . . . . 3Ž . Ž . Ž .0 n1
It is easily seen that, for  0,
f   f  , n 1, 2, . . . .Ž . Ž .n1 n
Ž .  Ž1 e.eObserve that when 0  1e then f   e  e  e, and in1
Ž .  Ž .4general f   e, n 1, 2, . . . . That is, the sequence f  is increasingn n
Ž .and bounded from above. Thus there exists a function f  such that
lim f   f  , 1 f   e,Ž . Ž . Ž .n
n
and
f   e  f Ž  . . 4Ž . Ž .
However, when  1e then
lim f  .Ž .n
n
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 Ž .4Otherwise the sequence f  would have a finite limit f , such thatn 0
f  e  f 0 .0
Using the known inequality e x 	 ex, we have
f  e  f 0 	 e f  f ,0 0 0
which is a contradiction.
 Ž .4  Next, we also define a sequence g  , 0  1, by 7m
2 1
  2 1
 Ž . Ž .
g   , g   , m 1, 2, . . . . 5Ž . Ž . Ž .1 m12 2 2  2g Ž .m
It is easily seen that for 0  1,
g   g  , m 1, 2, . . . .Ž . Ž .m1 m
2Ž .Observe that when 0  1e then g   , and in general1 1
 
2 1
  2 1
  2Ž . Ž .
g    , m 1, 2, . . . .m1 2 2 1
 2 2   2 2g Ž . 2m ž /1
 
 Ž .4Hence, the sequence g  is decreasing and bounded. Thus there existsm
Ž .a function g  such that
lim g   g Ž . Ž .m
m
and
2 1
 Ž .
g   ,Ž . 2
2  2g Ž .
which implies
2 1
g   , for 0  . 6Ž . Ž .
2 e'1
 
 1
 2
 
In addition, we will use the notations
 0 t  t , 
i t  
1 
Ž i
1. t , i 1, 2, . . . ,Ž . Ž . Ž .Ž .
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1Ž . Ž . Ž .where  t is the inverse function of  t , in this paper. From 2 , we see

1Ž .that  t 	 t.
In order to prove our main results, we present several useful lemmas.
Ž . Ž . Ž .LEMMA 1. Suppose that 2 holds and let x t be a solution of Eq. 1 on
 .t , . Further, assume that there exist t 	 t and a positie constant  such0 1 0
that
t
P s ds	  , for t	 t , 7Ž . Ž .H 1
Ž . t

3Ž . Ž .and that there exist T 	 t and T	  T such that x t is positie on0 1 0
 T , T . Then for some n	 0,0
x  tŽ .Ž . 
Ž2n.	 f  , for t  T , T , 8Ž . Ž . Ž .n 0x tŽ .
Ž . Ž .where f  is defined by 3 .n
Ž .Proof. From 1 , we obtain

1x t 
P t x  t  0, for t  T , T , 9Ž . Ž . Ž . Ž . Ž .Ž . 0
Ž .  
1Ž . which implies that x t is nonincreasing on  T , T . It follows that0
x  tŽ .Ž . 
2	 1 f  , for t  T , T . 10Ž . Ž . Ž .0 0x tŽ .

3Ž . Ž . Ž . Ž .When  T  t T , by dividing 1 by x t and integrating from  t to0
t we get
x t x  sŽ . Ž .Ž .t
ln  P s ds 0. 11Ž . Ž .Hž /x  t x sŽ . Ž .Ž . Ž . t
Ž . Ž . Ž .By using 7 , 10 , and 11 , we have
x  t x  sŽ . Ž .Ž . Ž .t
ln  P s ds	  f  .Ž . Ž .H 0ž /x t x sŽ . Ž .Ž . t
It follows that
x  tŽ .Ž .
 f Ž  . 
30	 e  f  , for t  T , T . 12Ž . Ž . Ž .1 0x tŽ .
Repeating the above procedure, we get
x  tŽ .Ž .
 f Ž  . 
Ž2n.n
 1	 e  f  , for t  T , T . 13Ž . Ž . Ž .n 0x tŽ .
The proof of Lemma 1 is complete.
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  ŽRemark 1. Lemma 1 is an adaptation of Lemma 2 in 10 . See also
  .Lemma 1 in 9 .
Ž . Ž . Ž .LEMMA 2. Suppose that 2 holds and let x t be a solution of Eq. 1 on
 .t , . Further, assume that there exist t 	 t and a positie constant  10 1 0
such that
t
P s ds	  , for t	 t , 14Ž . Ž .H 1
Ž . t
Ž .and that there exist T 	 t and a positie integer N	 4 such that x t is0 1
 
N Ž .positie on T ,  T . Then, for some mN
 3,0 0
x  tŽ .Ž . 
3 
Ž N
m. g  , for t  T ,  T , 15Ž . Ž . Ž . Ž .m 0 0x tŽ .
Ž . Ž .where g  is defined by 5 .m
Ž .Proof. From 14 , we know that
t 
1Ž . tP s ds	  and P s ds	  , for t	 t .Ž . Ž .H H 1
Ž . t t
Ž .  Ž . Ž 
1Ž ..Observe that F   H P s ds is a continuous function. F  t 	 ,t
Ž . t Ž .and F t  0. Thus, there exists a  such that H P s ds , wheret t

1Ž . 
3Ž . 
Ž N
1.Ž .t    t . When  T  t  T , integrating both sides oft 0 0
Ž .1 from t to  , we obtaint
tx t 
 x   P s x  s ds. 16Ž . Ž . Ž . Ž . Ž .Ž .Ht
t

1Ž . 
2 Ž . Ž . Ž .Since t s  t , we easily see that  T   t   s  t. Inte-0
Ž . Ž .grating both sides of 1 from  s to t, we get
t
x  s 
 x t  P u x  u du.Ž . Ž . Ž . Ž .Ž . Ž .H
Ž . s
Ž . Ž Ž .. 
2 Ž . Ž .From 9 , it is clear that x  u is nonincreasing on  T   s  u0
 t. Thus, we have
t
x  s 	 x t  x  t P u duŽ . Ž . Ž . Ž .Ž . Ž .H
Ž . s
s s
 x t  x  t P u du
 P u duŽ . Ž . Ž . Ž .Ž . H H½ 5Ž . s t
s
	 x t  x  t 
 P u du . 17Ž . Ž . Ž . Ž .Ž . H½ 5
t
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Ž . Ž .From 16 and 17 , we have
tx t  x   P s x  s dsŽ . Ž . Ž . Ž .Ž .Ht
t
s t	 x   P s x t  x  t 
 P u du dsŽ . Ž . Ž . Ž . Ž .Ž .H Ht ½ 5ž /t t
s t2 x    x t   x  t 
 x  t ds P s P u du.Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H Ht
t t
18Ž .
As is well known, the identical relation
s  t t tds P s P u du du P s P u dsŽ . Ž . Ž . Ž .H H H H
t t t u
holds. On the right-hand side, if we exchange the variable notation of
integration s and u, the above equality becomes
s  t t tds P s P u du ds P u P s du ,Ž . Ž . Ž . Ž .H H H H
t t t s
which implies
s 1  t t tds P s P u du ds P u P s duŽ . Ž . Ž . Ž .H H H H2t t t t
2 21 t P s ds  .Ž .Hž /2 2t
Ž .Substituting this into 18 , we have
 2
x t 	 x    x t  x  t . 19Ž . Ž . Ž . Ž . Ž .Ž .t 2
Noting that

3 
Ž N
1.x   0, for t  T ,  T ,Ž . Ž . Ž .t 0 0
Ž .by 19 we obtain
x  t 2 1
 Ž . Ž .Ž . 
3 
Ž N
1.  g  , for t  T ,  T .Ž . Ž . Ž .1 0 02x t Ž .
20Ž .
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3Ž . 
Ž N
2.Ž . 
3Ž .When  T  t  T , we easily see that  T  t  0 0 0 t

1Ž . 
Ž N
1.Ž . Ž . t   T . Thus, by 20 , we have0
1

3 
Ž N
2.x   x   for t  T ,  T . 21Ž . Ž . Ž . Ž . Ž .Ž .t t 0 0g Ž .1
Ž .  
1Ž . 
N Ž . 
2 Ž . Ž .Since x t is nonincreasing on  T ,  T and  T     t0 0 0 t

Ž N
1.Ž .    T , we obtaint 0
1 1 1
x   x   	 x t  x  t .Ž . Ž . Ž . Ž .Ž .Ž .t t 2g  g  g Ž . Ž . Ž .1 1 1
Ž .Substituting this into 19 , we have
1  2
x t  x  t   x t  x  tŽ . Ž . Ž . Ž .Ž . Ž .2 2g Ž .1

3 
Ž N
2.for t  T ,  T .Ž . Ž .0 0
Therefore
x  t 2 1
 Ž . Ž .Ž . 
3 
Ž N
2.  g  , for t  T ,  T .Ž . Ž . Ž .2 0 02x tŽ . 2  2g Ž .1
Repeating the above procedure, we obtain
x  t 2 1
 Ž . Ž .Ž .
  g  ,Ž .m2x tŽ . 2  2g Ž .m
1

3 
Ž N
m.for t  T ,  T . 22Ž . Ž . Ž .0 0
The proof of Lemma 2 is complete.
  Ž   .Remark 2. Lemma 2 is mentioned in 7 . See also Lemma 2.1.3 in 3 .
3. MAIN RESULTS
Ž .THEOREM 1. Assume that 2 holds and that there exists t 	 t such that1 0
t
P s ds	 1, for t	 t . 23Ž . Ž .H 1
Ž . t
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Ž .Then for any T	 t eery solution of Eq. 1 has at least a zero on1
 
3Ž .T ,  T .
Ž .Proof. Otherwise, without loss of generality, we may assume that x t
Ž . Ž .  
3Ž . Ž .is a solution of Eq. 1 satisfying x t  0 for t T ,  T . From 1 we
obtain

1 
3x t 
P t x  t  0, for t  T ,  T ,Ž . Ž . Ž . Ž . Ž .Ž .
Ž .  
1Ž . 
3Ž .which implies that x t is nonincreasing on  T ,  T , and thus

2 
1 
2x t 	 x  T for t  T ,  T .Ž . Ž . Ž . Ž .Ž .
Ž . 
2 Ž . 
3Ž .Integrating both sides of 1 from  T to  T , we obtain

3Ž . T
3 
2x  T  x  T 
 P s x  s dsŽ . Ž . Ž . Ž .Ž .Ž . Ž . H

2Ž . T

3Ž . T
2 x  T 1
 P s ds . 24Ž . Ž . Ž .Ž . H½ 5
2Ž . T
Ž .In view of 23 , we have
x 
3 T 	 0,Ž .Ž .
which is contradiction and completes the proof.
COROLLARY 1. In addition to the assumption of Theorem 1, further

3Ž .assume that there exists a constant M such that  T 
 TM, for any
Ž .T	 t . Then the distances between adjacent zeros of eery solution of Eq. 11
 on t , are less than M.1
Ž .THEOREM 2. Assume that 2 holds and that there exist t 	 t and a1 0
Ž .positie constant , 1e  1, such that 7 holds. Then for any T	 t1
Ž .  
K Ž .eery solution of Eq. 1 has at least a zero on T ,  T , where
K 2 min nm  f  	 g  . 25 4Ž . Ž . Ž .n m
n	1, m	1
Ž .Proof. Otherwise, without loss of generality, we assume that x t is a
Ž . Ž .  
K Ž .solution of Eq. 1 satisfying x t  0 for t T ,  T . Let K 2 n*
m* satisfy
f  	 g  . 26Ž . Ž . Ž .n* m*
By Lemma 1, we have
x  tŽ .Ž . 
Ž2n*. 
K	 f  for t  T ,  T . 27Ž . Ž . Ž . Ž .n*x tŽ .
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On the other hand, by Lemma 2 we obtain
x  tŽ .Ž . 
3 
Ž K
m*. g  for t  T ,  T . 28Ž . Ž . Ž . Ž .m*x tŽ .

Ž2n*.Ž . 
Ž K
m*.Ž . Ž . Ž .Setting t  T   T in 27 and 28 , we obtain
x 
Ž1n*. TŽ .Ž .
f    g  ,Ž . Ž .n* m*
Ž2n*.x  TŽ .Ž .
Ž .which contradicts 26 and completes the proof.
COROLLARY 2. In addition to the assumption of Theorem 2, further

iŽ .assume that there exist constants M such that  T 
 TM , i 1, 2, . . . ,i i
for any T	 t . Then the distances between the adjacent zeros of eery solution1
Ž .   Ž .of Eq. 1 on t , are less than M , where K is defined by 25 .1 K
 Remark 3. Corollaries 1 and 2 improve Theorems 2.2.1 and 2.2.2 in 3
 and Theorem 1 and 2 in 6 .
EXAMPLE 1. Consider the delay differential equation
1 2 t
x t  x t
 1  0, 29Ž . Ž . Ž .
5t
1 2 tŽ . Ž .where P t  ,  t  t
 1. We have
5t
2 1 2t
P s ds	   , t	 t max t , .Ž .H 1 0½ 55 e 5Ž . t
Hence
f   1.491 . . . , f   1.816 . . . , f   2.067 . . . , . . . ,Ž . Ž . Ž .1 2 3
f   4.387 . . . , f   5.784 . . . , f   10.111 . . . , . . . ;Ž . Ž . Ž .10 11 12
g   7.500 . . . , g   6.136 . . . , g   5.631 . . . ,Ž . Ž . Ž .1 2 3
g   5.379 . . . , . . . .Ž .4
Thus, we find
f   5 g  , 1 n 10, m	 1;Ž . Ž .n m
f   g  , m	 3;Ž . Ž .11 m
f   g  , m	 1;Ž . Ž .12 m
DISTRIBUTION OF ZEROS 225

15Ž . Ž .Hence, we have K 2 12 1 15 and  T 
 T T 15 0.4

 T 6M . Therefore, the distances between the adjacent zeros of15
Ž .  .every solution of Eq. 29 on t , are less than 6.0
Ž .THEOREM 3. Assume that 2 holds and that there exist t 	 t and a1 0
Ž .constant , 0  1e, such that 7 holds. Further, assume that there
 4exists a sequence T : T   as i  such thati i
2'1 ln f  1
 
 1
 2
 Ž .Ti P s ds	 L 
 , 30Ž . Ž .H f  2Ž .Ž . Ti
Ž . Ž .   Ž .where f  is a real root of Eq. 4 on 1, e . Then eery solution of Eq. 1
 Ž2n*.Ž . 
m*Ž . 
Ž2n*.Ž .has at least a zero on  T ,  T , where T 	  t andi i i 1
1 ln f  1Ž .n
1
n*m* min nm L 
 . 31Ž .½ 5f  g n	1, m	1 Ž . Ž .n
1 m
Proof. The proof here follows the steps of the proofs of Theorem 2 in
   9 and Theorem 1 in 5 .
Ž .Otherwise, without loss of generality, we assume that x t is a solution
Ž . Ž .  Ž2n*.Ž . 
m*Ž .of Eq. 1 satisfying x t  0 for t  T ,  T , where T 	i i i

Ž2n*.Ž . t . By Lemma 1 and Lemma 2, we have1
x  tŽ .Ž . 
m*	 f  , for t T ,  T , 32Ž . Ž . Ž .n* i ix tŽ .
x  tŽ .Ž . 
m*	 f  , for t  T ,  T , 33Ž . Ž . Ž . Ž .n*
1 i ix tŽ .
and
x t 1Ž .
Žn*
1. , for t  T , T . 34Ž . Ž .i ix  t g Ž . Ž .Ž . m*
Ž .Clearly, from 1 we have
Ž1n*. 
m*x t  0 for t  T ,  T ,Ž . Ž . Ž .i i
Ž .  Ž1n*.Ž . 
m*Ž . Ž .i.e., x t is nonincreasing on  T ,  T . From 31 , n* and m*i i
satisfy
1 ln f  1Ž .n*
1
L 
 . 35Ž .
f  g Ž . Ž .n*
1 m*
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 Ž .4 Ž .Since f  is increasing, by 32 we haven
x  TŽ .Ž .i
 f  . 36Ž . Ž .n*
1x TŽ .i
Ž .  Ž Ž . .Since x t is nonincreasing, there exists a t   T , T such thati i i
x  TŽ .Ž .i  f  . 37Ž . Ž .n*
1x tŽ .i
Ž .  Ž .Integrating 1 from t to T and noting that x t is nonincreasing, wei i
obtain
T Ti ix t 
 x T  p s x  s ds	 x  T p s ds,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H Hi i i
 t ti i
which implies
x t x TŽ . Ž .T i iip s ds 
 . 38Ž . Ž .H
 x  T x  TŽ . Ž .Ž . Ž .t i ii
Ž . Ž . Ž .From 34 , 37 , and 38 , we obtain
1 1Tip s ds 
 . 39Ž . Ž .H
 f  g Ž . Ž .t n*
1 m*i
Ž . Ž . Ž .  Ž .Dividing 1 by x t and integrating from  T to t and noting 33 , wei i
have
 x s  x  s Ž . Ž .Ž .t t ti i ids
 p s ds
f  p s ds,Ž . Ž . Ž .H H Hn*
1x s x sŽ . Ž .Ž . Ž . Ž . T  T  Ti i i
which implies
 1  x s ln f Ž . Ž .t t n*
1i ip s ds
 ds . 40Ž . Ž .H Hf  x s f Ž . Ž . Ž .Ž . Ž . T  Tn*
1 n*
1i i
Ž . Ž . Ž .From 35 , 39 , and 40 , we have
1 ln f  1Ž .T n*
1i p s ds 
  L,Ž .H f  g Ž . Ž .Ž . T n*
1 m*i
Ž .which contradicts 30 and completes the proof.
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Ž .COROLLARY 3. Assume that 2 holds and that there exist t 	 t and a1 0
Ž .constant , 0  1e, such that 7 holds. Further, assume that
2'1 ln f  1
 
 1
 2
 Ž .t
lim sup P s ds	 L 
 .Ž .H f  2Ž .Ž . tt
41Ž .
Ž .Then eery solution of Eq. 1 oscillates.
Ž .  Remark 4. Equation 41 is the main result in 5, Corollary 1 .
 EXAMPLE 2 5 . Consider the differential equation
0.7 
x t  2 a cos t x t
  0, t	 0, 42Ž . Ž . Ž .ž /' 2a 2
' Ž . Ž .where a 2 0.7e 1  0.7e
 1 .
Let
0.7 
P t  2 a cos t ,  t  t
 .Ž . Ž . Ž .' 2a 2
Then
0.7 t 'P s ds a 2 cos t
 .Ž .H ž /ž / ' 4a 2t
 2
Thus
'a
 2 1t
P s ds	 0.7   Ž .H ' eŽ . a 2 t
Ž .and f   e.
Let T  2 i , i 1, 2, . . . . Theni 4
2'1 ln f  1
 
 1
 2
 Ž .Ti P s ds 0.7 L Ž .H f  2Ž .Ž . Ti
 0.5992 . . . .
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By a simple calculation, we find
1 ln f  1Ž .n
1
n m L
f  g Ž . Ž .n
1 m
1 1.000000000 1 0.807048632
2 0.946847007 2 0.825177151
3 0.900108720 3 0.831837130
4 0.869492733 4 0.834545015
5 0.848382981 5 0.835686146
6 0.833025749 6 0.836173979
7 0.821368131 7 0.836383784
8 0.812220293 8 0.836474248
Ž .Hence, n* 7, m* 2. By Theorem 3, every solution of Eq. 42 has at
 least a zero on 2 i 4
 92, 2 i 4  for any i 2, 3, . . . .
Ž .Therefore, every solution of Eq. 42 oscillates and the distances between
Ž .adjacent zeros of every oscillatory solution of Eq. 42 are less than
Ž . Ž .T   
 T 
 92  152. However, the known results in thei1 i
literature cannot give this estimate.
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